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CRITICALSTRESSOFTEIN+ALLEDCYLZNDERS
ByS.B.Batdorf,MuzzrySchildcrout,
SUMWRY
Ih@ricaldestmcurvssarepresented
IltAXIALCOMPRESSION
andManuelStein
forthecritical
stress% thin-wall;dcylindersL%dedinaxialcompression.
Thesecurvesareplottedintermsof,thenondimensional
pemmetersofsmall-deflect~onheoryandarecomparedwith
theoreticalcurvesderivedforthelndclingofcylinderswith
simplysupportedandclampededges.Anqpirfcalequationis
givenforthein.mlslingof.cylindershavinga length-radius
ratiogreaterthana%out0.75.
Thetestda~aobtainedfromvariousourcesfollowthe
generaltrendofthetheoreticalcurveforcylinderswith
chanpgde~ges,agreeingcloselywiththetheoryinthecaseof
shortcylinders,but fallingconsiderably%e~owthetheoretical
resultsforlongcylinders.Thediscrepancyintheeaseof
longcylindersincreaseswithincreasingvaluesoftheratio
of.radiustowallthickness.Plottingcurvesfordifferent
valuesof’thisratioreducesthescatterinthetestdqta
—
anda certaindegreeofcorrelationwiththeoryisachieved.
Advantigeistakenofthiscorrelationtoobtainestimated
designcurvesforcylinderswithsimplysupmrtededges,for
—
whichlittlexperimentalinformationisavai:al?le.
--.-— .
RXVTE!?OFPREEOL??WORKGNPROBLZM
Solutionstotheproblemoftinedeterminationoft@ critical
stressofthin-walledcylinderssubJectedtoaxialcompression -
havebeenpresentedbya largenumberofauthors.Southyell,
Timoshenlm,,??l’&e,andnumerousothe~authorshaveo%tained
.,,-
,.
2theoreticalsolutionsbytheuseofthe
(See,forexample,referencesto4,)
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small-deflectionheory.
Thevaluegivenbythe
small-deflectionheoryfortheWcklingstressofa thin-walled
cylinderofmoderate,lengthhavingsimplysupportedgesis
(1)
where
ax cr:ticalcampi*essivestrese
E YOW*S modulus .—
t wallihfclmespof cylinder
1“ radiusofcylinder —
P Poissonteratio(inthepresentpaperv :stakentobe0.316
whenevera valueisassignedtoit)
Experiments(references~“tc~10)haveshownthattheqctub.1.
critictistressismuchlowerthanthatpzw.licteiibyequation(l).
Exceptinthecaseofshortcylinders,thee~erimcntsususlly
givevaluesonly15to50percent:fthatp~etictodtheoretically;
moreover,theobservedlmoklepatternisdiffei*entfromthat
predictedonthebasisoftheory.A num30rofattemptshavebeen
madetcexplainthesediscrepanciesthcmreticslly.Fl&ge(refer-
ence3) consideredthedeviation~ftheactusledgesupportm.Q@
thesupportconditionsa sumedinthetheoreticaltreatment.DonneXL
(reference~)and‘alsoFl@gaccnsidei~edtkmLlltid”dev:a’tionfrom
theperfectcylindricalshape.Neitlmrofthetwoattempted
explanationssatisfactorilyaccountstcrthed;.strep.zmcyexisting
betweentheWmore+zical.endex~ertientalv uesof,thebncld.tng
stressesofcylinders.
VonKe4n&and.!?i%ien(r~ference?.1)introdmm%a larfie-
deflection’tieo~t accmntforthebuc’Hlngbehavioroflong
cylindorq..TheyGhowed‘thata longcylind~rcanbeineqtilibriun”
ina buckledstateata stress,thakismuchE&4&w thanWle’crltlcal
wlmessofsmall-deflectionheoryandalso”succeedod,:inaccounting
forthebucklepatternobservedinthee,arlystage~ofbuckling.
Reference11rnzggestedhatwhena cylinderhaseminj.tialimperfec-
tionorissubjectedtoa shock,itmightpassintooneofthese
buckledstateswithouteverhavingreachedthecritjcalloadgiven.
byequation(l).Basedonthessmeapproach,a theoryfortho
htichling8tre&s ofperfect
(refeyence12),whichgave
cylinder~-wasp~+opoeedbyTaien
—
.-
,
.
—
I?ACATNO,1343 3
,.
% =‘0.-370~ (Ioadingbyrigidscrew-powertestingmachine) (2)
Ux=0.238E+ (loadingby,ideal
deadweight)
hydraulictesting~chineor
(3)
Thelarge-deflectionheoriesfailintworespectstodescribe
~dequatelytinebucklingbehaviorofactualcylinders.First,the
theoriesareformuktodonlyforlongcylinders;equations”(2)-d (3)
seriouslyunderestimateth criticalstressofveryshortcylinders.
Second,even
mentallythe
.
forlongcylinders,attemptstodetermineexperi-
nuwricalcoefficientC inthebucklingfmmula
C7x .= q (4)
haveresultedinappreciableexperimmtalscattqr.Theexperimental
scatterisdueatleastinparttotheinitialimperfectionsf
constructionalwayspresentInrealcylinders,(Seefig.1 taken
frorureference13,fig.18.)
Inth,“absenceof”a completeandsatisfactorytheo~etical
solutionforuhecriticalstressofcylinders,a numberofauthors
haveproposede~iricalfo:mmlasderivedfromtestdata(refer-
ences6to”8)..,Onesuchformula,whichtakesintoaccounthe
lengthofthecylinder,isdustoBallers%dtandWagner(refeNnce8):
H2Thefirstyarameterinthisequation$. isappropriateforflat
~ is”’%udedtotakeintoaccountsheetandthesecondparamtir
theeffectofcurvatwe.Morer~cen~lyKhemitsuandNoJima
(reference9)compiledallavailableprqtiousexperimentalresults
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andconducteda numberoftestsoftheirown.Theformulaof
Wagner
better
andBallerstedtwasmodifiedinreference9 to%ringitinto
agreementwithexperimentasfollows:
(6)
Withinitsrengeofapplication ,.
.
equation(6) is inconsiderablyetteragreementwithe~erlment
thanequation(5)but,becauseofthechangeintiee~onentsof
theparameters,equation(6) doesnothaveaqyrs.tiomilbasisand
mustberegadedaspurei.yempirical.A completedtvorceoftheory
andexperiment,however,csmnotberegardedasa satisfactory
permanentsettlementoftheproblem,andthepresentreportattempte
tobrtigtheoryendexgerhnentintoreascnalleaccord.
CONTRIBUTIONOFPRESENTPAPER
Inthepresentpapertheavailablet stdataforcritical.
stressesofcylindersarereexamined.ndtheoreticalresultsare
usedasa guideinfairingthe”curves,inextend~ther-e of
vslidityoftheexistingemyiricalresults,andinachievinga
morerationalinterpretationofthetestdata.Borthispurpose
thetestdataareplottedintermsoftheparametersofcylinder
theoryandarecompmedtiththeoreticalresults‘derivedinthe
appendix
The
onthebasisofsmall-deflectionheory.
and.
cylinder-theorype.z’smtersused
5%=”+
,.
z
~2 —
--4=rtl.+
,
l -
are
—
.
,.
.
.
—
[
.
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where
/’ Ets
D flexuralstiffnessofplateperunitlength~(,12(1- U2))
L lengthofcylindey
z cuiva.tureparemeter
~ criticalstresscoefficientappearingintheequation
5
kx#D. .Cx=-
L2t
>---”
.-
.-
Thee~erimentaldataareusedastheprincipalguidein
determiningthecriticalcmnpressivestreeses oflongcylinders”
(l=gevaluesofZ)andthetheoreticalresultsareusedmainly
tosupplementthetestd@a indeterminingthecriticelstress
ofveryshortcylinders(mallmlues ofZ). Theexpertiental
scatterisreducedbypresentingdifferentcurvesforcylinders:
witlndifferentvaluesoftheratio fradiustowallthickness
ontheassumptionthatfor”longcylinikrsthfsratiofurn3shessome
indicationftheinitielimperfectionsfthecylinder.Although
thesecurvesweredeterminedpartlyonthebasisoftheoretical
considerations,theyareforconveniencereferredtohereinas
empirical, curves.
Thecritical
the equation
..
. RESULTSANDCONCLUSIONS
compressive6tressfor-cylindersisgivenby.
. . %3ax= % —T. ;-
“.
whe~ theveluesof .& meybeobtainedfromfigure2 for
cylinderswitheither&mped orsimplysupportedges.The
designcuz’vesforcylitierswithclemped.edgesareestablished
bythetestresults,reportedinreferences~ to9. (Seefig. 3.) “ ‘ ‘
Eachcurvewasfaired
Qlottedforcylinders
througha seriesoftestpointswhich-were-
Wth nearlythessmeratio fradiustowall
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thfcknesar/t. Theestimated( ashed)partsofthedestgcurves
forsimplesupport were obtained%yfairingbetweenthelmown
experimental.curvesforlongcylinders(largevaluesof Z),which
accordhgtotheoryshouldbethesamewhetherthecylindershave
simplysupportedorclampededges,endthetheoreticalcurvesfor
very &hortcyl~nders( mallvaluesof Z).
ForlongcylinderstheImokling@tressisconsld.erablybe ow
thetheoreticalbuokllngstress~theamountofthediscrepancy
dependingon theratioofradiustowallthickness.Forveryshort
cylinderstheveluesofthecriticalstr6ssesapproachthosefor
flatplates(simplysupportednds,kx = 1; clampedends,
kx= h),forwhichtheagreementletweentheoreticalandexperimental.
resultsisknowntobegood.Thegeneraltrendofeachempirical
curveissimilartothatofthetheoreticalcurve,Infifcatfngthe
existenceofa certaindegreeofeorrelekionbetweentheoryand
testdata.
Atlargevaluesof Z thecurvesfor k= becomestraight
linesgivenIJYtheformula
“;‘kx=1.15CZ (8)
whereC devendsontheratiofradiustowallthicknessof the
cylindersin’themar&ershownin
and(8) thefollowingexpression
figure40 ~omequation8(7)
forthecriticalstregsisobtai~d
“ (9)
Equations(8).&nd(9) maybeusedwhenthe“lengthofthecylinder
ismorethanabout3/4 ofthe,radfus.Theempiricalcurvesof
reference10tndicatsthatthecriticalstressissubstantial~v
independentoflengthwhenthelengthisgreaterthanshout3/4 of
theradius.(Thisresultmaybecheckedbynotingthatfor 2>0.5+
theexperimentalcurvesoffigure2 aresubstantiallystraightIinee
ofunitslope.)
Tnfigure5,theenipirical-formula ofKanemitsuandNoJima
(equation(6)ofthepresentpaper,andthelestprev~ouslyputlfshed
formulaforthebuoklingofcylinders)isplottedintermsofthe
parameters~ and Z. Thecurvesarecutoffatthosevaluesof Z
correspondingtothelowerlimitsoftherangeofdimensionswithin
whichtheformulawasintendedto”.aPPIY~.~ngeneral-~?’orther~ge
covered,thecqes arein.reasonableagreementwiththetestdata
andwiththecurvesof‘thepresentpaperfor,cyllndersw~thclamped
.,,
,.,, ,..
.
..
.. . k’
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edges. !Phepractical importmceof the present approachlies in the ._...__
fact thattheuse.of.thetheoreticalparametersandthetheoreticsll
solutionsa a guidein’falring%hecurvespemitsthermmval of
the.lowerlimitsonthese.cux-res.adalsopermitsestimatedcurves “
tobedrawnforthebuclding stresses for simply supportedcylinders,“
althoughe~erimental.dataare”amilableonlyforcylinderswith
clempededges. ,.
Ls@eyMmorie,l.AeronauticalL boratory .’ ‘--, . .- “- -..._
NationalAdvisoryCommitteeforAeronautics
LengleyField,Vs.,March~, 1947.
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APPENDIX
THEORYlKIRCYLINDERSBUCKLINGUNDER
AXIALCOMERZSSION
symbols
positiveinteger
radiusofcylinder
wellthicknessofcylinder
radialcomponentofdisplacement,positiveoutward
axialcoordinateofcylinder
ctrctierential.coordinateofcylinder
coefficientappecuxhig
flexruxd.stiffnessof
Youngtsmodulus
lengthofcylinder
in ux=CE~
(:20- )
~!3plateperunitlength _
H*)
operatoron w definedfnappendix
curvatureparemeter
.(
— (.$ +-+-$$11- P* or
coefficientofdeflectionfunction
critical-cmpressive-stresscoefficientappearinginthe
..
f o-a ~ = kXfi2~ —
x --
L%
52 ‘
-1*Z2m - ~)4~=~~-l)2+PJ+#J(m:1)2+p51~- (m- l)2kx
Vm deflectionfunctiondefinedintheappendix
,
.
-.
.
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k halfwave~engthofbucldesincircumferential.
w Poissonisratio
direction
ax criticalexial.
$ &+$
‘4-S+23A7
theinverseof+!
compressi~estress
+4.
-%ay
V4 definedby v-%%= .
TheoreticalSolution
Thecriticalcompressivestressatwhichbucldingoccursin
a cylindricalshe~& beobtainedbysolvingtheequationof
equilibrium.
Equationofe.quilibrium.-TheequatimofeQtilibrlumfor
a slightlybuc%bdcylindricalshellunderaxialcompressionis
(z%ference14’)
(Ml)
wherex isthecoordinateintheaxieJ’directions.nd y isthe
coordinateinthecircumferentialdirection.Theaccompanying
figureshowsthe
,..
—
coord~tesystemusedinthesnalysis.
.
,
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Dividingthroughequation(Al.)%y D @w’es
.
(A2)
wherethedimensionlessparametersZ and ~ aredefinedby
—.L2
d
—
z=~l-p*
... -A Dn2
Theequationofequilibriummay
Qw=o
whereQ isdefinedby
berepresentedby
(A3)
4 12!22-4 #
-.
# ap ,Q=v +>-v ~+~~~
—
Methodofsolution.-Equation(A2)meybesolvedbyuseof .
theGal.erklnmethodasoutlinedinreference15. WhenthiEImethod
isapplied,thedeflectionw isexpressedineeriesfozmas
fOL1OWS
Theset of
conditions
(A4}
—.
functionsVu arechosentosatisfytheboundary
butneednotsatisfytheequationofequizlbrium.The
coefficients~ aredetezmd.nedbytheequatl.ol~s
.’
~21. L
]J ~m,Qwdxdy=O(m=,l,2,3, . . . ~) (W)00
In the,presen%paperthe deflection functions .werechosento
satisfy the following conditions on w at theendsofthecylinder:
.
--
.. NACA~~Oc ~S~S
azw= *ForsimplysupportedgesV= —ax2
Forclempededges w= af =0x
.- Aneqfx=ionfor
ectionandperfectly
the%ounderyconditionsforsimplesupport)in
whereX isthehalf
ferentialdirection.
.
.’
.11
w thatiSsinuaoidel
general(subjectto
theaxialdirectionis
(M)
I
wavelengthofthebucldesinthecircum-
Equation-(A6)isequivalenttoequation(A4)if
Substitutionofe~ressions(A6)and(AT)intoequation(A5)and
inte@?ationoverthelimitsindicatedgive
where
fora givenZ isfoundbyassuming
k= withrespecto ~. ThiEIpro-
vahesof m untileminimumIG is
T@ minimumvslue of kx
a value for m andminimizing
cedure is followed for various
reached.Figure2 presentsthetheoreticalcriticalstresscoe?fl-
cientsforcylinderswithsimplysupportedges ub@ctedtoaxial
compression.
,.
Clanpedad.ges.-A proceduresimilartothatusedforcylinders
kth ~~ly supportedgesmeyhefollowedforcylinderswith
c19mpededges. Thedeflectionfunctionusedisthefollowingseries
.12 NAC?ATN~Oe 1343
I&h termofthisseriesatisfiestheconditionson w atthe
.
edges. The functim Vm isnowdef!itias
Afterthe sameoperationstiecarriedoutfor
thosecarriedoutforthecam ofsimplysupported
equationsresult:
I?orm=l
Form = 2.
~(M2+M~-q#4=0
l?orm=s,4,5, ...
where
.
1,2,,3, l . .) (Ale)
chnped edgesas
ges,thefollowing
-1
>’
.-.J. ,4
%,= ~m-l)2+p~2”i:12Z2(m- 1)4 (w-.3)2q#@ - 1)2+ pq-2-
,(1-1= 1,*,3,...]
Theseequationshavea solutionifthefollowinginfinitedeterminant
vanishes:
.
..
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Md ‘2M@43 o -1430- ”000”0 l . .
Z-2 o M#M)L o -M4 o 0 0 . . .
m=3 -M3 O M3+M> 0.
-i~oo”””
Dk4 o -M4 O M4tM6 o -14600 . ..
m+ o 0“ -% 0 %%0 -% 0 ““”
m=6 o 00
-% oM6~o -% ““” (A12)
m=7 o 0 0 ‘o -y o 0 . . .
-8 0 000 0 -M$ o M@il” , . l
. . . . . . . . .
. . . l . . . . .
l . l . . . . . .
If the rowsandcolumnsare rearremgedthe infinite de?zmminantcan
be factored into the product o: two infinite SUlildmrminants.The
critiml. stresses maythen be chtainedfrom the fcfl.lowingequation:
I oI?3=12W1+4Y+-I&J o *.. o, .0 0 0
3?l=3-M3-M#45 -M! O... 0 0 0 0
m5 o -MjMpq -1+..o 0 0 0
IrIl=7o 0 -% “7%”” 0 0 0 0
.
i
. . . . .
. . .
l . . .“. . . . .
l . . . . . l . .
3?4 o (1 o 0... M2+M4-M4 o 0
111=4o 0 0 0..*-M4M4+l~-M6 O
m=6 00 0 0l .. o -!.!6M6+lb-~
Im=8o 0 0 0.. 0 0 -~ M&M~*.
l I . . .,. . . . .. . . . . . . . ..I . . . . . l . .,
. . .
. . .
. . .
.,*
.
. . .
. . .
l . .
. . .
Theinfinite eubdeterminentinvolving termswith odd subscripts
corresponds‘to a symhetricti ?mckl- pattern (a buclil.ing”pattern
symmetricala%out hepkne peq’pendiculartnendbfeectdngtheaxis
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ofthecylinder).Thehsinitesulxteterminantinvolvingtermswith
evensubscriptscorrespondstosnantisymmetrtcalbuoltl.ingpattern.
Forbrevitythesesubdeterminantswillbereferred-toastheodd
deter@nantandthe evendeterminant,respectively.
Thefirst approximationii ~
Odddeterminant:2M2’+M3=0 (A14)
Evendeterminant:M2-I-M4=0 (Q5)
Thesecondapproximations
Odddeterminsmt:2Ml(M3+M5)+V~ =0. , (A16)
Evendeterminant:M2(M4+M6)+M4M6=0 (A17)
Theseequationsshowthatfora selectedved.ueofthecurvature
parsmeterZ theoritios2 buoklingstress of a cylinder depends
uponthe cirozmferential wavelength. Since a structure buoMesat
the lowest stress at whichinstability can occur, kx is mtnid-zed
withrespectothewavelengthby substituting values of B in%o
theequationsuntiltheminimum-~ canbeobtainedfroma plot
of kx againstp. Fora givenZ thelowerofthetwovalues
obtainedfromequations(Alk)and(A15)isthefirstapproximation
ofthecriticalbuoUingstressand,similarly,thelowerofthe
twuvaluesof kx obtainedfrom equations(M.6)and(JU7)iSthe
secondapproximationofthecriticalbucklingstress.
Figure2 presentsthetheoreticalcriticslstresscoefficients
forcylinderswfthclampededgesinaxialcompressionasobtained
fromthesecondapproximation,tigetherwiththeexactcurvefor,
thecaseofsimplysupportedges.Althoughthissolutionisan
upper-limitsolution,thesecondapproxipatfonrthecritical.
stresscoefficientofa cylinderwithciampededgesmustbevery
closetobeingexactforintermediatendlargevaluesof Z
bece.useitisahpostidenticalwiththeexactsolutionfora
cylinderwithshnplysupportedges,andthecriticalstressof
a cylinderwithclampededgescannotbelessthanthecritical.
stressfora cylinderwithsimplysupportedges.FQrvsluesof
Z approachingzero,theaocuracyofthesecondapproximations
hdicatedbythefactthatitcoincideswiththeknownexact
solution(~ = h)fora longflatplatewithclampededges.
,.
.
.
.
..
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Figurel.- Effect of initial defects upon the maximum
compreBBi.ve loads of struts and cyllnders.
(From reference 13, fig. 18.)
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Figure 2.- Critical stress coefficients for thin-walled
I ,, circular cylinders subjected to axial compression,
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Figure 3.- Colnparison of test re6ults with design
recommended for cylinders with clamped edges.
(Data from references 5 to 9.)
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